It is continued to investigate the operator solutions in terms of asymptotic fields in the Thirring model and in the Schwinger model. Poincare-gronp generators are found explicitly. The general Wightman functions are computed explicitly and compared with the ones obtained by Klaiber and by Lowenstein and Swieca. Some discussion is given on the massless limit of the massive Thirring model. § 1. Introduction and summary
§ 1. Introduction and summary
In the previous paper,') >vhich is referred to as I hereafter, we have quite successfully constructed the operator solutions in terms of asymptotic fields in the Thirring model and in the Schwinger model, on the basis of the theory of a free massless scalar field in two dimensions formulated in another paper,") ·which is referred to as 0. In the present paper, we continue the investigation of the Thirring model and the Schwinger model and present some additional results.
vVe discuss the Thirring model in § 2 and the Schwinger model in § 3. The subjects discussed there are field equations, Poincare-group generators, axial-vector currents and the general \iVightman functions. We show that our Wightman functions coincide with the ones obtained by Klaiber 3 ) in the Thirring model and with the ones obtained by Lowenstein and Swieca 4 ) in the Schwinger model (in the Landau gauge) if and only if the latter are non-vanishing, and only in that case our Thirring-model vVightman function does not tend to zero as an infrared cutoff (t goes to zero. In § 2, we also discuss the massless limit of the massive Thirring model described in terms of the quantum sine-Gordon field, and find another solution of the (massless) Thirring model. Appendix A is devoted to the calculation by which Klaiber's Wightman function is brought into a convenient form. Appendix B is a supplement to I; we give a proof of (3 · 26) . § 2. Thirring model
2-1. Field equation
The Thirring model has only one asymptotic field, which is a massless scalar field ¢ (x). The properties of r,6 (x) and of its conjugate field 
where a and b are real constants such that ab = rr, u being a two-component constant; the Wick ordering designates to arrange in the order {¢<-J, ¢<-J, q;<+J, ¢<+J}, where ¢<±J (x) and (J<±J (x) denote the positive/negative frequency parts of ¢(x) and ¢ (x), respectively.
As was shown in I, the current J~ (x) of Johnson's definition is given by
Therefore, ¢ (x) satisfies the field equation
if -a+b=g(a+b)/2rr. As is clone usually, 31 we can eliminate the Wick ordering from the field equation. Indeed, (2 · 4) can be rewritten as
To derive (2 · 5) from (2 · 4), we first note that
tt>O being an infrared cutoff. From (2 · 6) we have
The equivalence between (2 · 4) and (2 · 5) follows from (2 -10) immediately. 
(2. 21)
which is equal to the right-hand side of (2 ·15).
To prove (2 ·17), we make use of the formula presented in 0:
(2. 25) \Ve can proceed in the same way as above, but (2 · 22) should be replaced by
For the sake of completeness, we present the expression for the axial-vector or chiral current. Let us set 
(2. 33)
Let p and q be the number of j's such that ri=1 and that of k's such that sk = 1, respectively. The ·Wightman function, \Vr<K> (x, y), obtained by Klaiber 3 > satisfies the positivity condition and is non-vanishing if and only if n = m and jJ = q simultaneously. As is shown in Appendix A, the non-vanishing Klaiber's vVightman function is expressed as
where fr is a sign factor; for example, cr=(-1)pcn-p> for rj=sj=1 (1~j~p), r~c=s~c=2 (p+1<k~n).
Since u,.u,.*=Z~t/2rr, \V/K>(x,y) coincides \Yith z-n1Vr(x, y), where Z stands for a wave-function renormalization constant.
Of course, (2 · 33) is non-vanishing for any values of n, m, P and q, in contrast with 1V/KJ (x, y). Since, according to Coleman, 6 l spontaneous breakdown of gauge invariance cannot occur in the positive-definite two-dimensional theory and since the negative-norm part of the ¢ Fock space disappears as ,!!.---'>0, it is natural to expect that as ,a~>O 1Vr(x, y) tends to zero for n=fcm. This expectation is indeed true; in what follows we prove that \V1 (x,y)->O as tf---'>0 unless n=m and p=q.
On substituting (2 · 7) and (2 · 8) in (2 · 33), we find that the p-dependence Finally, we remark that W1 (x, y) fails to have cluster properties in general. **l This fact, however, should not be regarded as a defect of the theory because <jJ(x) is a confined field.
2-5. Massless limit of the massive Thirring model
Coleman, n Mandelstam 8 l and many others 9 l, JOl established the equivalence between the massive Thirring model and the quantum sine-Gordon system. Since the mass term of the former corresponds to the sine term of the latter, the above equivalence suggests the correspondence between the (massless) Thirring model and the free massless scalar field. Such equivalence has been established in I, but one must be careful about the fact that our equivalence is not the one expected from the reasoning stated above. Since our solution (2 · 2) of the (massless)
Thirring model exhibits spontaneous breakdown of gauge invariance, it cannot be the massless limit of the solution of the massive Thirring model, because in the latter gauge invariance cannot be broken spontaneously. 6 where cp denotes the sine-Gordon field. Comparing (2 · 40) with (2 · 3), we find that cp must correspond to ¢ rather than ¢ itself, but unfortunately '¢ is not a local field.
The above consideration, however, suggests to interchange the roles of ¢ and '¢ in (2 · 2). We therefore introduce a quantity
(2. 41)
In the same way as in I, we can show that (f (x) is Lorentz covariant and satisfies local anticommutativity and canonical anticommutation relations. The current constructed from (f ( x) is seen to be
and it is equal to the chiral current (2·31) of </J(x). Furthermore, (f(x) satisfies the field equation *l Note that ab=n implies a~O and b~O.
**l This is so even for {n=m=l, p=q}, because the one-point functions are non-vanishing. 
We conjecture that it is possible to modify Mandelstam's expressionRJ for the massive Thirring field in terms of 9 (x) in such a way that it tends to (f (x), though its validity will be restricted to the charge-zero sector because of (2 · 44).
Since Mandelstam's expression itself has no well-defined massless limit, one must introduce indefinite metric into the massive Thirring model in order to realize the above conjecture. vvhere E<±J ( ~) is given in (B · 2).
3-2. Poincare-group generators
The asymptotic fields satisfy the following field equations and commutation The commutation relations are analogous to those of the Thirring model.
3-3. Axial-vector current
Though the classical equations of the Schwinger model are invariant under chiral-gauge transformations .111, and B can be easily computed from (3 · 29) ·with the aid of (3 · 6) and fr A 1, =-aB.
(A·3)
Here ~V 1 <ol (x, y) stands for the Wightman function for a free spinor field;
S' l(t;)=ir~aPDc+J(~), iJ(r,s)-ors and rJ denotes a permutation of (1,2, ···,n). It is evident that if p=fq (A· 3) yanishes. Hence we assume P = q hereafter.
The follovving identity is useful for rewriting (A· 3):
and c1 is a real constant to be determined later.
(A·4)
To prove (A· 4), we first note that the denominator of the right-hand side 1s simply obtained by reducing the fractions in the left-hand side to a common denominator. Then the numerator 1V(u, v) obtained by this procedure must be a polynomial of a degree at most P 2 + (n-jJ) 2 -n. On the other hand, because of the antisymmetric property of the left-hand side, N(u, v) must contain factors u 1 -uk for any rJ=rk and vJ-vk for any sJ=sk> that is, N(u, v) must be diYisible by the expression displayed in the numerator of the right-hand side of (A· 4). The degree of the latter is, howeyer, exactly equal to
Thus (A· 4) has been established. To determine the multiplicative constant c1o we take a permutation rJ such that rJ=s.cj), multiply both sides of (A·4) by ll}~1 (uj-Vacj)) and take the limit UJ-VacjJ----'>0 (j=1, 2, ···, n). Then the left-hand side becomes sgn rJ, ,,-hile the right-hand side becomes (A·7)
Reading rJ(j) as j', we see that tbe absolute value of (A·7) equals [crl· Thus we find[cr[ =1. We set cr=(-1)-ncn-JJ;zfr; then fr is a sign factor. As is seen from (A·7) "lvith rJ=1, we have cr= ( -l)pcn--pl for rJ=si=1 (1<j-s;=p), rk=sk=2 (P+1<h<n). Now, (2·7) and (2·8) yield (A·8)
On substituting (A· 4) with (A· 5) in (A· 3), with the aid of (A· 8), "lYe obtain by using n<+l(-z)=-n<-l(z) and E<+l(-z)=-E<-l(z). This completes the proof of (B ·1).
